Abstract. For C0semigroups of continuous linear operators acting in a Banach space criteria are available which are equivalent to uniform mean ergodicity of the semigroup, meaning the existence of the limit (in the operator norm) of the Cesàro or Abel averages of the semigroup. Best known, perhaps, are criteria due to Lin, in terms of the range of the innitesimal generator A being a closed subspace or, whether 0 belongs to the resolvent set of A or is a simple pole of the resolvent map λ → (λ − A) −1 . It is shown in the setting of locally convex spaces (even in Fréchet spaces), that neither of these criteria remain equivalent to uniform ergodicity of the semigroup (i.e., the averages should now converge for the topology of uniform convergence on bounded sets). Our aim is to exhibit new results dealing with uniform mean ergodicity of C0semigroups in more general spaces. A characterization of when a complete, barrelled space with a basis is Montel, in terms of uniform mean ergodicity of certain C0semigroups acting in the space, is also presented.
Introduction
Let (T (t)) t≥0 be a C 0 semigroup of continuous linear operators in a locally convex Hausdor space X (briey, lcHs). Ergodic theorems have a long tradition and are usually formulated for the Cesàro averages C(r)x = 1 r r 0 T (t)x dt or the Abel averages λR λ x = λ ∞ 0 e −λt T (t)x dt, for x ∈ X, where r → ∞ and λ ↓ 0 + , respectively. In the former case one speaks of the mean ergodicity of (T (t)) t≥0 and in the latter case of its Abel mean ergodicity. Particularly well developed is the theory and its applications when X is a Banach space (see, e.g., [8, Ch. 4] [24] and the references therein), both for the strong operator topology τ s convergence of lim r→∞ C(r), resp. lim λ↓0 + λR λ , and for their operator norm convergence. For certain aspects of the theory of mean ergodic semigroups of operators in nonnormable spaces X (mainly for τ s ) we refer to [14] , [24, Ch. 2] , [31, Ch. III, 7] and the references therein. Further results, involving {C(r)} r≥0 , occur in [5] , where geometric features of the underlying space X also play an important role. But for a few exceptions, there are not so many results available concerning the mean ergodicity of C 0 semigroups of operators in lcHs' when the averages are required to converge for the topology τ b of uniform convergence on the bounded subsets of X. The aim of this paper is to develop this topic further.
Many criteria concerning the mean ergodicity of a τ s continuous C 0 semigroup (T (t)) t≥0 acting in a lcHs X involve its innitesimal generator A. Under mild Key words and phrases. C0-semigroup, (uniform) mean ergodicity, (uniform) Abel mean ergodicity, Montel operators. Mathematics Subject Classication 2010: Primary 46A04, 47A35, 47D03; Secondary 46A11. conditions this is a closed operator with a dense domain D(A) ⊆ X. For X a Banach space the resolvent set ρ(A) of A is an open, nonempty subset of C and so the well developed spectral theory of closed operators in such spaces is available. In particular, the resolvent map λ → R(λ, A) := (λ − A) −1 of A is holomorphic in ρ(A) for the operator norm topology. For X nonnormable, the spectral theory of closed operators A is much less developed. Even if A is the innitesimal generator of a τ s continuous C 0 semigroup in a Fréchet space X and D(A) = X, it can happen that ρ(A) fails to be open in C (see Remark 3.5(vii) ) in which case the question of R(·, A) being holomorphic is not well posed. In Section 3 we investigate and develop those aspects of spectral theory for closed operators (in spaces which may be nonnormable) and, in particular, for innitesimal generators, which are needed in later sections.
In Banach spaces there is a close connection between operator norm continuous, mean ergodic C 0 semigroups (T (t)) t≥0 and compactness of the resolvent operators R(λ, A) of the innitesimal generator A of (T (t)) t≥0 , [15, Ch. V, 4] . For X a more general lcHs an appropriate analogue of R(λ, A) being compact ìs that it maps bounded subsets of X to relatively compact subsets of X; such operators are called Montel, [12] . Section 4 investigates the connections between the operators R(λ, A) being Montel (assuming ρ(A) = ∅), the τ b continuity of the map t → T (t) in [0, ∞) and of the individual operators T (t), for t ≥ 0, being Montel; this is made precise in the main result (Theorem 4.7).
Sections 3 and 4 treat some continuity and spectral properties of general C 0 semigroups of operators and their innitesimal generators. These results are needed in Section 5 where we turn our attention to mean ergodic features of C 0 semigroups (T (t)) t≥0 ⊆ L(X), with X a sequentially complete lcHs and L(X) the vector space of all continuous linear operators from X into itself. Under mild conditions, the Cesàro averages {C(r)} r≥0 ⊆ L(X) exist as do the Abel averages {λR(λ, A) : λ > 0} ⊆ L(X) where, for each real λ > 0, the resolvent operator R(λ, A) coincides with the operator R λ x =:
∞ 0 e −λt T (t)x dt, for x ∈ X, mentioned above and which is dened via Xvalued Riemann integrals. The central notions are the uniform mean ergodicity (resp. uniform Abel mean ergodicity) of (T (t)) t≥0 , that is, τ b -lim r→∞ C(r) (resp. τ b -lim λ↓0 + λR(λ, A)) exists. Here, convergence of the net {λR(λ, A)} for λ ↓ 0 + in L b (X) (or L s (X)) is meant in the sense that there exists λ 0 > 0 such that (0, λ 0 ] ⊆ ρ(A) and the interval (0, λ 0 ] is considered as a directed set for the order ≤ induced from R. A similar interpretation applies to convergence of the net {C(r)} r≥0 for r → ∞ (relative to the other order ≥ in R). As already mentioned, in Banach spaces many results are available which imply or are equivalent to (T (t)) t≥0 being uniformly mean ergodic. But, for nonnormable X, not so much is known. In Section 5 we present several new results in this direction. Example 5.8 makes it clear that not all Banach space results carry over automatically; new phenomena arise which are not present in Banach spaces. For instance, there exists an equicontinuous C 0 semigroup acting in a Fréchet space X which is uniformly mean ergodic (equivalently, uniformly Abel mean ergodic) but, unlike for Banach spaces, the range ImA of A fails to be closed in X. It can also happen that 0 ∈ ρ(A) with 0 failing to be a simple pole of R(·, A), which is impossible in Banach spaces. Theorem 5.1 (where Montel resolvents arise) and Theorem 5.13 provide the most extensive results for a general lcHs X. The nal two results (i.e., Theorems 5.16 and 5.17) deal with certain τ b continuous, mean ergodic C 0 semigroups in complete, barrelled lcHs' with a Schauder basis/decomposition.
Preliminaries
Let X be a lcHs with Γ X always denoting a system of continuous seminorms determining the topology of X. The strong operator topology τ s in L(X) (we write L(X, Y ) for the space of all continuous linear operators from X into another lcHs Y ) is determined by the family of seminorms q x (S) := q(Sx), for S ∈ L(X), with x ∈ X and q ∈ Γ X . Denote by B(X) the collection of all bounded subsets of X. The topology τ b in L(X) is dened via the seminorms q B (S) := sup x∈B q(Sx), for S ∈ L(X), with B ∈ B(X) and q ∈ Γ X . The identity operator on X is denoted by I.
By X σ we denote X with its weak topology σ(X, X ), where X is the topological dual space of X. The strong topology in X (resp. X ) is denoted by β(X, X ) (resp. β(X , X)) and we write X β (resp. X β ); see [22, 21.2] for the denition. The strong dual (X β ) β of X β is denoted by X . By X σ we denote X with its weakstar topology σ(X , X). Given T ∈ L(X), its dual operator T t : X → X is dened by x, T t x = T x, x for x ∈ X, x ∈ X . Then T t ∈ L(X σ ) and T t ∈ L(X β ), [23, p.134 ].
Denition 2.1. Let X be a lcHs and (T (t)) t≥0 ⊆ L(X) be a 1parameter family of operators. The map t → T (t), for t ∈ [0, ∞), is denoted by T : [0, ∞) → L(X).
We say that (T (t)) t≥0 is a semigroup if it satises (i) T (s)T (t) = T (s + t) for all s, t ≥ 0, with T (0) = I. A semigroup (T (t)) t≥0 is locally equicontinuous if, for xed K > 0, the set {T (t) : 0 ≤ t ≤ K} is equicontinuous, i.e., given p ∈ Γ X there exist q ∈ Γ X and M > 0 (depending on p and K) such that
A semigroup (T (t)) t≥0 is said to be a C 0 semigroup if it satises
A semigroup (T (t)) t≥0 is said to be exponentially equicontinuous if there exists a ≥ 0 such that (e −at T (t)) t≥0 ⊆ L(X) is equicontinuous, i.e.,
If a = 0, then we simply say equicontinuous. Finally, a semigroup (T (t)) t≥0 is called uniformly continuous if
Given any locally equicontinuous C 0 semigroup (T (t)) t≥0 (resp. any locally equicontinuous, uniformly continuous C 0 semigroup) on a lcHs X, observe that condition (iii) (resp. condition (iv)) in Denition 2.1 is equivalent to T (t) → I in L s (X) (resp. in L b (X)) as t → 0 + . This is a consequence of (i), namely, that
Remark 2.2. (i) Let X be a lcHs and (T (t)) t≥0 be an equicontinuous C 0 semigroup on X. For p ∈ Γ X denep(x) := sup t≥0 p(T (t)x), for x ∈ X. By Denition 2.1(i)(iii)p is well-dened, is a seminorm and satises
Hence,Γ X := {p : p ∈ Γ X } also generates the given lctopology of X. Moreover, forp ∈Γ X , we havẽ
(ii) In [21, Prop. 1.1] it is shown that in a barrelled lcHs X every strongly continuous C 0 semigroup (T (t)) t≥0 is locally equicontinuous.
(iii) Every C 0 semigroup of operators in a Banach space is necessarily exponentially equicontinuous, [13, p.619] . For Fréchet spaces this need not be so. Indeed, in the sequence space ω = C N (topology of coordinate convergence), T (t)x := (e nt x n ) ∞ n=1 , for t ≥ 0 and x = (x n ) ∞ n=1 ∈ ω, denes a C 0 semigroup which is not exponentially equicontinuous. As ω is a Montel space, (T (t)) t≥0 is also uniformly continuous.
If X is a sequentially complete lcHs and (T (t)) t≥0 is a locally equicontinuous C 0 semigroup on X, then the linear operator A dened by
is called the innitesimal generator of (T (t)) t≥0 . Moreover, A and (T (t)) t≥0 commute, [21, Proposition 1.2(1)], i.e., for each t ≥ 0 we have {T (t)x : x ∈ D(A)} ⊆ D(A) and AT (t)x = T (t)Ax, for all x ∈ D(A). Also known, [21, Proposition 1.2(2)], is that 
For each x ∈ D(A) (resp. x ∈ X), the integrals occuring in (2.5) (resp. (2.6)) are Riemann integrals of an Xvalued, continuous function on [0, t]; see [5, Appendix] . The closedness of A ensures that Ker A := {x ∈ D(A) : Ax = 0} is a closed subspace of X. The range of A is the subspace ImA := {Ax : x ∈ D(A)}.
Recall that a linear map S : X → X is called locally bounded if S(B) ∈ B(X) for every B ∈ B(X). If S ∈ L(X), then S is necessarily locally bounded. In the event that X is bornological, every locally bounded linear map from X into itself is continuous. Proposition 2.3. Let X be a sequentially complete lcHs and (T (t)) t≥0 be a locally equicontinuous C 0 semigroup on X whose innitesimal generator A satises D(A) = X with A a locally bounded map. Then (T (t)) t≥0 is uniformly continuous.
Proof. Let p ∈ Γ X and B ∈ B(X). Then there exist K > 0 and q ∈ Γ X such that p(T (t)x) ≤ Kq(x), for x ∈ X, t ∈ [0, 1]. This inequality and (2.5) imply that
Since A is locally bounded, sup x∈B q(Ax) < ∞ and so lim t→0
Remark 2.4. Since Banach spaces are bornological, Proposition 2.3 is well known in this setting, [15, p.15] .
Let X be a sequentially complete lcHs and A ∈ L(X) be power bounded, i.e., {A n } ∞ n=1 ⊆ L(X) is equicontinuous. It follows from Corollary 1 (and an examination of its proof) in [34, p.245 ] that T (t) := e tA = ∞ n=0 t n A n n! , for t ≥ 0, denes an exponentially equicontinuous C 0 semigroup; actually (e −t T (t)) t≥0 is equicontinuous. In particular, (T (t)) t≥0 is also locally equicontinuous. So, Proposition 2.3 implies that (T (t)) t≥0 is necessarily uniformly continuous.
Concerning the converse of Proposition 2.3, it is known that the innitesimal generator A of any uniformly continuous C 0 semigroup in a Banach space X satises A ∈ L(X), [13, Ch. VIII, Corollary 1.9]. For X a quojection (or, even prequojection) Fréchet space and (T (t)) t≥0 ⊆ L(X) an exponentially equicontinuous, uniformly continuous C 0 semigroup, it is also the case that its innitesimal generator A ∈ L(X), [4 Let (T (t)) t≥0 be a locally equicontinuous C 0 semigroup on a sequentially complete lcHs X. The operators
are called the Cesáro means of (T (t)) t≥0 . The integrals in (2.7) are Xvalued Riemann integrals with respect to the locally convex topology of X; see [5] , [20] , [34] , for example. The Cesáro means {C(r)} r≥0 are well dened and belong to L(X), [5, Section 3] . If (T (t)) t≥0 is equicontinuous, then {C(r)} r≥0 is also equicontinuous, [5, Section 3] . In case X is barrelled the Cesáro means exist in L(X) whenever the semigroup (T (t)) t≥0 is strongly continuous (via Remark 2.2(ii)).
Spectra of closed linear operators
The spectral theory of closed linear operators in Banach spaces is well developed. A traditional area of application is the theory of semigroups of linear operators, [8] , [13] , [15] . In particular, this applies to mean ergodic semigroups, [8, Ch. 4] [15, Ch.5, 4] . The extension of several classical Banach space results for strongly continuous, mean ergodic C 0 semigroups to the setting of lcHs' occur in [5] , [14] , [24, Ch.2] , [31] . The spectral theory of continuous linear operators acting in nonnormable lcHs' is well developed, especially in L b (X), [7] , [30] , where the methods of lcalgebras are applicable. However, in an attempt to address uniformly continuous, mean ergodic semigroups in the nonBanach space setting one is confronted with the diculty that the spectral theory of closed linear operators (not necessarily everywhere dened) in such a space is not nearly as satisfactory as for Banach spaces. The aim of this section is to present certain aspects of such a spectral theory (see also [32] ) but, only to the extent needed in later sections dealing with operator semigroups and uniform mean ergodicity.
Let A : D(A) ⊆ X → X be a linear operator on a lcHs X. Whenever λ ∈ C is such that (λ − 
converges to x in X and (Ax α ) α converges to y in X imply that x ∈ D(A) and y = Ax. We point out for A closed, that also λ − A is closed for all λ ∈ C and that (λ − A) −1 is closed whenever λ − A is injective. For xed λ, µ ∈ ρ(A), it follows from the denition that
from which we obtain the resolvent equation
Via the continuity of R(λ, A) and passing to the limits in (3.2), we obtain
This implies x ∈ D(A) so that also R(λ, A)(λx − Ax) = x. Combining this identity with (3.3) we get R(λ, A)(Ax − y) = 0.
If the Closed Graph Theorem is not available in a lcHs X, then it is necessary to assume, as in the above denition of
If, in addition,
Proof. The continuity of (λ − A) −1 :
If, in addition, Im(λ − A) is dense in X, then actually Im(λ − A) = X, i.e., (λ − A) −1 ∈ L(X) and so λ ∈ ρ(A). 
(ii) In [34, Ch.VIII, p.209] the resolvent set of a linear operator A : D(A) → X is dened as the set of all λ ∈ C such that Im(λ − A) is dense in X and (λ − A) has a continuous inverse belonging to L(Im(λ − A), D(A)). Let us denote this resolvent set by ρ Y (A). Clearly, we always have ρ(A) ⊆ ρ Y (A). In case the space X is complete and A is closed, it follows from Proposition 3.2 that, for each λ ∈ ρ Y (A), we have Im(λ − A) = X and so λ ∈ ρ(A). That is, ρ Y (A) = ρ(A) whenever A is closed and X is complete. 
In particular, the resolvent map R is continuous from U into L b (X). (ii) In addition, let L b (X) be sequentially complete. Then, under the assumptions of (i), for each µ ∈ U one has the series expansion
, for all z in some open disc with centre µ and contained in U.
Then the assumptions of (i) are satised and, for each µ ∈ U, an open disc with centre µ for which (3.6) holds can be chosen with radius 1/M µ .
Proof. (i) The assumptions clearly imply that U is open in C.
We rst prove the continuity of R : U → L b (X). So, x λ ∈ U and a continuous seminorm p B in L b (X), i.e., p ∈ Γ X and B ∈ B(X). By assumption there exists an open neighbourhood
Using the resolvent equation (3.1) it follows that
where α := sup x∈B q(R(λ, A)x) < ∞ as R(λ, A)(B) ∈ B(X) via the continuity of R(λ, A). This inequality ensures that if
Using again the resolvent equation (3.1), we have that
This formula together with the continuity of the resolvent map R :
In particular, (3.8) also implies that
where we need to use the equicontinuity of
(ii) Let f : U → L b (X) be holomorphic and µ ∈ U be xed. Suppose that D ⊆ U is an open disc centred at µ and that C 0 is a circle centred at µ with radius r 0 such that C 0 ⊆ D. Fix any z inside C 0 and write r := |z − µ| < r 0 . If s is any point on a circle C 1 centred at µ with radius r 1 ∈ (r, r 0 ), then the theory of integration for continuous vectorvalued (in this case L b (X)valued) functions dened on a compact interval in R (in this case [0, 2π], which is used to parameterise the curve C 1 in C via θ → µ + r 1 e iθ ) yields, by an argument analogous to the case when f is Cvalued (see, e.g., [10, 52] ) that
One can then argue as for Cvalued functions (e.g. [10, pp.145147]) to establish that the power series expansion (in L b (X)) of f is given by
. To see that this is the case, recall that |z − µ| = r and |s − µ| = r 1 and hence, |s − z| ≥ |s − µ| − |z − µ| = r 1 − r. So, if q ∈ Γ X and B ∈ B(X), then it follows from [5, Proposition 11(vii)] applied in the sequentially complete lcHs
for each z in the interior of C 0 and so (3.9) is indeed valid.
For the particular case when f is the resolvent function R : λ → R(λ, A) of A, the identities (3.5) and (3.9) yield (3.6) for all z satisfying |z − µ| < r 0 .
(iii) Fix µ ∈ U. Then, for any λ ∈ C, we can write
as an identity on D(A). This operator is bijective if and only if
) n x converges absolutely for every x ∈ X and hence, converges in X (by sequential completeness of X). In case |λ − µ| < M −1 µ the inverse of λ − A is then the linear operator from X to X given by
i.e., R λ ∈ L(X). Hence,
In particular, (3.11) ensures that {R(λ,
So, we have shown that the assumptions of (i) are satised. Of course, for any xed λ belonging to D(µ) := {λ ∈ C : |λ − µ| < 1/M µ } we see from (3.11) 
is well known; see, for example, [16, pp.493503] , [19, 16.7] .
(ii) If X is sequentially complete and barrelled, then both L s (X) and L b (X) are sequentially complete, [11, Proposition 1.8 & Remark 1.9]. This is relevant for Proposition 3.4(ii).
(iii) Let X be a Banach space and A : D(A) → X be any closed operator such that ρ(A) = ∅. Then, for each λ ∈ ρ(A), we see in ( (iv) If (A, D(A)) is the innitesimal generator of any equicontinuous C 0 semigroup (T (t)) t≥0 on a sequentially complete lcHs X, then (3.7) is always satised at each point λ ∈ C + ⊆ ρ(A), for some M λ > 0, where C + := {µ ∈ C : Re(µ) > 0}. Indeed, for such an operator A, we rst claim that C + ⊆ ρ(A) and
To see this, by Remark 2.2(i), we may assume that each p ∈ Γ X satises
For each x ∈ X, the integral
, is a continuous Xvalued function and so, as noted above, the sequential completeness of X ensures that the integral n 0 e −λt T (t)x dt ∈ X exists as a limit of Xvalued Riemann sums. The convergence of the improper integral follows from the sequential completeness of X, the equicontinuity of (T (t)) t≥0 , the inequalities (using (3.13)) p(e −λt T (t)x) ≤ e −Re(λ)t p(x), for t ≥ 0, and the inequalities (again using (3.13))
for all p ∈ Γ X . Putting m = 0 and letting n → ∞ gives
In particular, (3.14) implies that the linear map 
3(ii)). This establishes (3.12).
It follows from (3.14) that (3.7) holds with
We point out that (3.7) may not hold for all λ ∈ ρ(A); see (vi) and (vii) below.
(v) We note that (3.7) may fail to hold at every point λ ∈ ρ(A) for an exponentially equicontinuous C 0 semigroup, even if its innitesimal generator A ∈ L(X). Consider X = ω = C N equipped with the seminorms p k (x) = max 1≤j≤k |x j |, for x = (x 1 , x 2 , . . .) ∈ X, for each k ∈ N; see Section 2. Then X is a Fréchet space. The unit right shift A ∈ L(X) is given by A(x) := (0, x 1 , x 2 , . . .), for x = (x 1 , x 2 , . . .) ∈ X. For λ = 0 we see that (λ − A) is not surjective, i.e., 0 ∈ σ(A). If λ = 0, then (λ − A) is injective and a direct calculation shows that
λ is the smallest constant for which (3.16) holds; to see this consider the vector y (n) ∈ X with y
The claim is that the semigroup T (t) := e tA , t ≥ 0, is exponentially equicontinuous. Indeed, direct calculation gives (via the power series) that
for each t ≥ 0. From the denition of p n we deduce, for t ≥ 0 and n ∈ N, that
Accordingly, {e tA } t≥0 is exponentially equicontinuous; see also Remark 2.4. So, here the innitesimal generator A of the exponentially equicontinuous C 0 semigroup {e tA } t≥0 satises ρ(A) = ∅ but, condition (3.7) fails to hold for every λ ∈ ρ(A). Nevertheless, the set ρ(A) is still open, i.e., that (3.7) holds for every λ ∈ ρ(A) is sucient but not necesssary for ρ(A) to be open.
Such an example as just given in the Fréchet space ω cannot occur in a Banach space X. Indeed, every strongly continuous C 0 semigroup (T (t)) t≥0 in a Banach space is exponentially equicontinuous, [15, Ch.I, Proposition 5.5], and its innitesimal generator A is a closed operator, [15, Ch.II, Theorem 1.4]. So, we see from part (iii) of this Remark that (3.7) is satised for every λ ∈ ρ(A), where it was also noted that ρ(A) = ∅, [15, Ch.II, Theorem 1.10(ii)].
Returning to the example in ω we observe that, for every λ ∈ ρ(A), i.e.,
is equicontinuous (i.e., the assumption of Proposition 3.4(i) is satised). Indeed, each µ ∈ V (λ) satises 1 |µ| ≤ 2 |λ| . Fix k ∈ N and x ∈ ω. Then it follows from (3.15) that
Accordingly, {R(µ, A)x : µ ∈ V (λ)} is a bounded set in ω, for each x ∈ ω. Since ω is barrelled, we can conclude that R(V (λ)) is equicontinuous, for each λ ∈ ρ(A). 
The dierentiation operator Df := f , for f ∈ X, clearly belongs to L(X). Dene
for each f ∈ X and λ ∈ C. Then V λ f ∈ X and the linear map
So, also ρ(A) = C. To see that R(·, A) is not equicontinuous in any bounded open disc about 0 it suces to exhibit g ∈ X satisfying sup −r<λ<0 p 0 (R(λ, A)g) = ∞ for every r > 0. To this eect, choose any g ∈ X \ {0} satisfying g ≥ 0 and g ≥ 0.
Then, for r > 0 and λ ∈ (−r, 0) it follows from (3.17) and (3.18) that
with p 0 (g) > 0. So, R(·, A) indeed fails to be equicontinuous in {z ∈ C : |z| < r} for every r > 0. It should be noted that A generates a C 0 semigroup. Indeed, for each f ∈ X and m ∈ N 0 , direct calculation yields
and also that
It follows that p 0 (A m f ) ≤ p 0 (f ), for f ∈ X and m ∈ N 0 , and also that
Accordingly, A is power bounded and so it is the innitesimal generator of the exponentially equicontinuous, uniformly continuous C 0 semigroup (e At ) t≥0 with T (t) := e −t e At , for t ≥ 0, being an equicontinuous, uniformly continuous C 0 semigroup; see Remark 2.4. Recall that B := A − I is the innitesimal generator of (T (t)) t≥0 . Moreover, R(λ, B) = R(λ + 1, A) for all λ ∈ C = ρ(A) = ρ(B). Let λ 0 := −1 ∈ ρ(B) and U λ 0 be any open disc centred at λ 0 . Then
: λ ∈ U λ 0 } and so we can conclude that {R(λ, B) : λ ∈ U λ 0 } fails to be equicontinuous for every disc U λ 0 centred at λ 0 . According to Proposition 3.4(iii), (3.7) fails to hold for λ 0 .
(vii) The resolvent set ρ(A) is not always an open subset of C, even for the innitesimal generator A of an equicontinuous C 0 semigroup. Let X = ω be the Fréchet space as in part (v) and Γ := {γ n } n∈N be any (xed) countable, dense subset of {λ ∈ C : Re(λ) < 0}. Then the linear operator Ax :
belongs to L(X). So, ρ(A) = C \ Γ surely fails to be open. Moreover, A is the innitesimal generator of the equicontinuous, uniformly continuous (as X is Montel) C 0 semigroup (T (t)) t≥0 given by T (t)x := (e γnt x n ) ∞ n=1 , for x ∈ X, t ≥ 0. The claim is that (3.7) fails to hold for every λ ∈ ρ(A) satisfying Re(λ) < 0. This is equivalent to showing that
To this eect, let
with γ nr → λ as r → ∞. Then, for each m ∈ N, there is n r(m) ∈ N such that |λ − γ n r(m) | −1 ≥ m and hence, p n r(m) (R(λ, A)x) ≥ m. This clearly implies (3.19) .
Let (A, D(A)) be a linear operator in a lcHs X such that ρ(A) = ∅, in which case A is closed by Remark 3.1(i). For each λ ∈ ρ(A) we have (λI −A)R(λ, A) = I on X and so
Lemma 3.6. Let (A, D(A)) be a linear operator in a lcHs X with ρ(A) = ∅.
(i) For each λ ∈ ρ(A) it is the case that
(ii) The subspace ImA, hence also ImA, is invariant for each operator in
Proof. (i) If x belongs to the rightside of (3.21), then it follows from (3.20) and the fact that x ∈ D(A) that R(λ, A)Ax = 0. By injectivity of R(λ, A) also Ax = 0, i.e., x ∈ Ker A. The reverse containment follows directly from (3.20) .
and so ImA is λR(λ, A)invariant. By continuity of λR(λ, A), the same is true of ImA.
Lemma 3.7. Let (A, D(A)) be a linear operator in a lcHs X such that, for some
Proof. Fix µ ∈ (0, λ 0 ]. By (3.1), for each λ ∈ (0, λ 0 ], we have
µ . Given B ∈ B(X), it follows from [23, (1) p.137] that C := ∪ 0<λ≤λ 0 λR(λ, A)(B) belongs to B(X) and hence, also
from which it follows that τ b − lim λ→µ R(λ, A) = R(µ, A). 
In conclusion, let (A, D(A)) be a closed linear operator in a lcHs X such that [26, Ch. 3] , [27] ), this is dened via the existence of some 0neighbourhood U ⊆ X such that S(U) is a relatively compact subset of X; for X a Banach space this reduces to the traditional definition. Unfortunately, this notion of compactness is somewhat restrictive when attempting to apply it to uniformly continuous, mean ergodic C 0 semigroups in nonnormable spaces. An alternative notion could be that S maps bounded subsets of X to relatively compact subsets of X (which, for X a Banach space, is also equivalent to S being compact). Such operators S ∈ L(X), called Montel, were introduced and studied in [12] (see also [9] ) and are more suitable for the treatment of uniformly continuous, mean ergodic C 0 semigroups in nonnormable 
is a lcHs and the canonical inclusion i :
is equivalent to {p A } p∈Γ X , i.e., also generates the lctopology of
If X is complete (resp. quasicomplete, sequentially complete) and A is closed, then X[A] is also complete (resp. quasicomplete, sequentially complete).
Proof. It is routine to verify that X[A] is a lcHs. Clearly the inclusion
Fix λ ∈ ρ(A), so that R(λ, A) ∈ L(X). Then, for any xed p ∈ Γ X , there exist M > 0 and q ∈ Γ X with q ≥ p such that p(R(λ, A)x) ≤ M q(x), for x ∈ X. Thus, for each x ∈ D(A), we have
On the other hand, for each x ∈ D(A), we always have that
Suppose X is complete. Let {x α } ⊆ X[A] = D(A) be a Cauchy net. It follows from (4.1) that {x α } (resp. {Ax α }) is Cauchy in X and so there exists x ∈ X (resp. y ∈ X) with x α → x (resp. Ax α → y) in X. By closedness of A we conclude that x ∈ D(A) and Ax = y. Then is then a topological isomorphism with continuous inverse (µ − A) :
, for x ∈ X, p ∈ Γ X , and also
, X) and hence, B = R(λ, A)(λ − A)(B) is relatively compact in X.
(
ii)⇒(i). Fix any λ ∈ ρ(A). Let B ∈ B(X). Since R(λ, A) ∈ L(X, X[A]), we have R(λ, A)(B) ∈ B(X[A]) and hence, R(λ, A)(B) is relatively compact in
Lemma 4.3. Let X be a lcHs and let (T (t)) t≥0 be a locally equicontinuous C 0 semigroup on X. If T (t 0 ) is Montel for some t 0 > 0, then T (t) is Montel for all t ≥ t 0 and the map t → T (t) is continuous from
Proof. For every t > t 0 , the identity T (t) = T (t − t 0 )T (t 0 ) together with the operator ideal property for Montel operators implies that T (t) is Montel.
Fix s ≥ 0 and a compact set K ⊆ X. It follows from the strong continuity of (T (t)) t≥0 (cf. Section 2), the equicontinuity of {T (t) :
uniformly for x ∈ K. Let B ∈ B(X) and t ≥ t 0 . Since T (t 0 ) is Montel, the set L := T (t 0 )(B) ⊆ X is compact. For q ∈ Γ X we have (for s := t − t 0 ) that
([T (s) − T (s + (r − t))]x).
Since h := (r − t) → 0 as r → t (h → 0 + as r → t
The following observation will be needed later. Lemma 4.4. Let X be a sequentially complete lcHs and (T (t)) t≥0 be an exponentially equicontinuous C 0 semigroup in X with innitesimal generator (A, D(A) ).
Proof. Recall (cf. Section 2) that (T (t)) t≥0 is strongly continuous. Fix any a ≥ 0 such that (e −at T (t)) t≥0 ⊆ L(X) is equicontinuous. Then (A − aI, D(A)) is the innitesimal generator of the equicontinuous C 0 semigroup t → S(t) := e −at T (t), for t ≥ 0. The argument for equicontinuous C 0 semigroups given in Remark 3.5(iv) can be adapted to show that (4.3) holds and R(λ, A) ∈ L(X) is given by
where the integral exists as an improper, Xvalued Riemann integral. For the case when X is a Fréchet space, see [28, pp.165166] ; the general case follows the same lines. It follows from (4.4) that R(λ, A) = R(λ − a, A − a) for λ ∈ C a + . Then Remark 3.5(iv) implies that R(·, A) :
Remark 4.5. In Lemma 4.4 it is not possible to weaken the exponential equicontinuity of (T (t)) t≥0 to local equicontinuity. To see this, consider X := C C , i.e., the linear space of all functions f : C → C, equipped with the topology of pointwise convergence. The seminorms in Γ X can be chosen as f → max u∈F |f (u)|, for f ∈ X, where F runs through the family of all nite subsets of C. Then X is a complete Montel lcHs. Let ψ(u) := u, for u ∈ C, and dene A ∈ L(X) by Af := ψf , for f ∈ X. Given any λ ∈ C, the element f λ := χ {λ} ∈ X \ {0} satises Af λ = λf λ . Hence, σ(A) = C and so ρ(A) = ∅. For each t ≥ 0, dene T (t) ∈ L(X) by
for each f ∈ X. Then (T (t)) t≥0 is a locally equicontinuous, uniformly continuous (as X is a Montel space) C 0 semigroup. Direct calculation (or an appeal to Lemma 4.4) shows that (T (t)) t≥0 is not exponentially equicontinuous. Lemma 4.6. Let X be a quasicomplete lcHs and (T (t)) t≥0 be an exponentially equicontinuous C 0 semigroup on X with innitesimal generator (A, D(A)). If, for some t 0 > 0, the map t → T (t) is continuous at t 0 as an L b (X)valued function and R(λ, A)T (t 0 ) is Montel for some λ ∈ ρ(A), then the operator T (t) is Montel for every t ≥ t 0 .
Proof. By exponential equicontinuity of (T (t)) t≥0 there is a ≥ 0 such that {e −at T (t) : t ≥ 0} ⊆ L(X) is equicontinuous. By Lemma 4.4 we see that µ := (a + 1) ∈ ρ(A) and so 0 ∈ ρ(B), where B := (A − µ). Moreover, D(B) = D(A) and B is the innitesimal generator of S(t) := e −µt T (t) for t ≥ 0. Since S(t) = e −t (e −at T (t)), for t ≥ 0, it follows that (S(t)) t≥0 is an equicontinuous C 0 semigroup. Clearly, t → S(t) is continuous at t 0 as an L b (X)valued function and, via (3.1), we have that
which implies that R(0, B)S(t 0 ) is Montel (as R(λ, A)T (t 0 ) is Montel).
Consider the operators V (t) dened by V (t)x := t 0 S(s)x ds for every x ∈ X and t ≥ 0. Since V (t) = tC(t), for t ≥ 0, where (C(t)) t≥0 are the Cesáro means of (S(t)) t≥0 , it follows from Section 2 that V (t) ∈ L(X), for all t ≥ 0. Moreover, by (2.6) we have BV (t) = S(t)x − x, for t ≥ 0, x ∈ X, and hence,
It follows that V (t 0 +h)−V (t 0 ) = R(0, B)S(t 0 )(I −S(h)), h ≥ 0, and hence, that the operators V (t 0 + h) − V (t 0 ) are Montel as R(0, B)S(t 0 ) is Montel. Observe, for each h > 0, that
Given H ∈ B(X) and p ∈ Γ X , it follows from the previous formula that
The quasicompleteness of X ensures that the precompact (=totally bounded) and the relatively compact sets in X coincide, [22, pp.308309 ]. Thus S(t 0 ), being the limit in L b (X) of Montel operators, is also Montel; see (3) on p.201 of [23] . Hence, also T (t) = T (t − t 0 )T (t 0 ) = T (t − t 0 )e µt 0 S(t 0 ) is Montel, for each t ≥ t 0 . Theorem 4.7. Let X be a quasicomplete lcHs such that L b (X) is sequentially complete and (T (t)) t≥0 be an exponentially equicontinuous C 0 semigroup on X.
Let X be a lcHs and (T (t)) t≥0 ⊆ L(X) be a semigroup. Then (T (t)) t≥0 is called immediately Montel if T (t) is Montel for every t > 0 and (T (t))
Then the following assertions are equivalent.
and its innitesimal generator has Montel resolvent.
Proof. (i)⇒(ii). Let (A, D(A))
be the innitesimal generator of (T (t)) t≥0 and choose any a ≥ 0 such that {e −at T (t) : t ≥ 0} ⊆ L(X) is equicontinuous. Fix any λ ∈ C with Re (λ) > a. By Lemma 4.3 (with t 0 := 0) the semigroup (T (t)) t≥0 is uniformly continuous, i.e., continuous from [0, ∞) into L b (X). Fix n ∈ N. By continuity of t → e −λt T (t) from [0, n] into the sequentially complete lcHs L b (X) the Riemann integral n 0 e −λt T (t)dt ∈ L(X) is the limit of a sequence of Riemann sums of the form k j=1 e −λξ j (t j − t j−1 )T (ξ j ), for some partition 0 = t 0 < t 1 < . . . < t k = n of [0, n] and points ξ j ∈ (t j−1 , t j ] for 1 ≤ j ≤ k; cf. proof of Theorem 10 in [5] . Since each such Riemann sum is Montel, also the L b (X)limit n 0 e −λt T (t)dt is Montel, [23, (3) , p.201]. Hence, also the L b (X)limit ∞ 0 e −λt T (t)dt = lim n→∞ n 0 e −λt T (t)dt is Montel. Since the limit also exists in L s (X), where it coincides with the resolvent operator R(λ, A) (cf. (4.4) ), we can conclude that R(λ, A) is Montel. Hence, A has Montel resolvent.
(ii)⇒(i). Since ρ(A) = ∅ (cf. Lemma 4.4), there is (by assumption) some λ ∈ ρ(A) with R(λ, A) Montel. For any t 0 > 0 the operator R(λ, A)T (t 0 ) is also Montel and hence, T (t) is Montel for all t ≥ t 0 as (T (t)) t≥0 is continuous from [0, ∞) into L b (X) (cf. Lemma 4.6). As t 0 is arbitrary, T (t) is Montel for every t > 0, i.e., (T (t)) t≥0 is immediately Montel.
Our nal result is well known for Banach spaces, [15, p.318 Lemma 4.8. Let X be a quasicomplete lcHs and (T (t)) t≥0 be an equicontinuous C 0 semigroup on X with innitesimal generator (A, D(A) ). Each of the following properties implies {T (t)x : t ≥ 0} is relatively compact in X, for every x ∈ X.
(i) A has Montel resolvent.
(ii) (T (t)) t≥0 is eventually Montel.
Proof. According to Remark 2.2(i), the equicontinuity of (T (t)) t≥0 ensures the existence of a system Γ X such that, for each p ∈ Γ X , we have
In case (i), x any λ 0 ∈ ρ(A). Then R(λ 0 , A)(B) is relatively compact in X for all B ∈ B(X). Fix x ∈ D(A) = R(λ 0 , A)(X), in which case x = R(λ 0 , A)y for some y ∈ X. It follows that
is relatively compact in X as {T (t)y : t ≥ 0} ∈ B(X) by (4.6). Since D(A) is dense in X (cf. Section 2), for any z ∈ X \ D(A) there exists a net (x α ) α ⊆ D(A) such that x α → z in X. Then, given p ∈ Γ X and ε > 0, there exists α 0 such that p(x α 0 − z) < ε. Hence, by (4.6), sup t≥0 p(T (t)(x α 0 − z)) < ε. It follows that
where U p := {y : p(y) < 1}. Since {T (t)x α 0 : t ≥ 0} is relatively compact, X is quasicomplete and p, ε are arbitrary, this inclusion implies that {T (t)x : t ≥ 0} is also relatively compact.
In case (ii) there is t 0 > 0 with T (t) Montel for t ≥ t 0 . Furthermore,
Continuity of t → T (t)x on
s ≥ 0}) is relatively compact in X. So, {T (t)x : t ≥ 0} is relatively compact.
Mean ergodicity and uniformly continuous C 0 semigroups
In Banach spaces, various criteria for uniform mean ergodicity of a C 0 semigroup (T (t)) t≥0 are known; see [8, Ch.4, 3] , [15, Ch.V, 4] , [24, Ch.2] , [25] , and the references therein. Let (A, D(A)) be the innitesimal generator of (T (t)) t≥0 . Fundamental features involved in determining such criteria involve a combination of the existence (in the operator norm) of lim λ↓0 + λR(λ, A), closedness of the subspace ImA in X, and whether 0 ∈ ρ(A) or 0 is a simple pole of the resolvent R(·, A) relative to the operator norm. In this section, several of these criteria are extended to lcHs' but, not all. New phenomena arise which are not present in the Banach space setting and these lead to certain inherent problems. In view of the diculties encountered in Section 3 with the spectral theory of closed linear operators in nonnormable spaces, this is not totally unexpected. Some of the basic techniques for Banach spaces which are crucial for establishing various uniform mean ergodic theorems (eg., if R(λ, A) → 0 as λ → 0, then R(λ, A) < 1 for λ small enough, or the inequality dist(λ, σ(A)) ≥ 1/ R(λ, A) for λ ∈ ρ(A), or that ρ(A) is always open and is the natural domain in which R(·, A) is holomorphic) are simply not available in more general spaces. Nevertheless, many positive results remain valid.
We recall the closed subspace of X, [24, p.77] , given by Fix(T (·)) := {x ∈ X : T (t)x = x, ∀t ≥ 0}. Theorem 5.1. Let X be a quasicomplete lcHs and (T (t)) t≥0 be an equicontinuous C 0 -semigroup on X whose innitesimal generator (A, D(A)) has Montel resolvent. Then (T (t)) t≥0 is uniformly mean ergodic.
Proof. Since (T (t)) t≥0 is equicontinuous and A has Montel resolvent, Lemma 4.8 implies, for every x ∈ X, that B[x] := {T (t)x : t ≥ 0} is relatively compact in X. Then B[x] is also relatively σ(X, X )compact and so, relatively countably σ(X, X )compact, [5, Remark 6(i)]. By Remark 5(i) and Proposition 3 of [5] the semigroup (T (t)) t≥0 is mean ergodic, i.e., there exists a projection P ∈ L(X) such that τ s -lim r→∞ C(r) = P . To complete the proof we show that
Since A has Montel resolvent, it follows from Proposition 4.2 that the canonical inclusion i :
On the other hand, the linear operator V : x → 1 0 T (t)x dt, for x ∈ X, is continuous from X into X[A]. Indeed, choose Γ X to satisfy (4.6). Recalling the identity (2.6), it follows from (4.1) and (4.6) that
for all x ∈ X and p ∈ Γ X . As V = i • V , we can conclude that V : X → X is a Montel operator. Moreover, since P is a projection onto Fix(T (·)), [5, Remark 4(ii)], we have P V = P because of P V x = 1 0 T (t)P x dt = 1 0 P x dt = P x, for x ∈ X. So, (C(r) − P )V = C(r)V − P for every r > 0. Using the facts that V is Montel and that τ s -lim r→∞ C(r) = P , we obtain that (C(r)
On the other hand, by applying [5, Proposition 11] we can adapt the formulae on p.341 of [15] to the lcsetting to yield, for r > 0 and x ∈ X, that
Given B ∈ B(X) and p ∈ Γ X , it follows from (4.6) that, for each r > 0,
It then follows from (5.1) that τ b -lim r→∞ (C(r)V − C(r)) = 0. But, for r > 0, we have C(r) − P = (C(r) − C(r)V ) + (C(r)V − P ) and so τ b -lim r→∞ C(r) = P .
In order to proceed further we require two preliminary results. The rst one follows the lines of [8, p.31, Proposition 1.4.5]; see also p.112 in [8] Lemma 5.2. Let X be a sequentially complete lcHs and (T (t)) t≥0 a locally 2) for some a ≥ 0. Then C a + ⊆ ρ(A) and
Proof. Fix λ ∈ C a + and x ∈ X. We show that the improper Riemann integral
for some K x > 0, which exists via the local equicontinuity of (T (t)) t≥0 on an interval [0, N ] chosen large enough to contain, say t, and all s ∈ [0, ∞) satisfying |t − s| ≤ 1. It is then clear that F is continuous. Integrating by parts yields
For a xed p ∈ Γ X , via (5.2) there exist M p > 0 and q ∈ Γ X such that
Since Re(a − λ) < 0 it follows from (5.5) that e −λt F (t) → 0 in X as t → ∞. Also, the sequential completeness of X and the inequalities 5) we also obtain that
Re(λ−a) q(x). As the previous inequality holds for every x ∈ X and p ∈ Γ X , the operator R(λ) : x → ∞ 0 e −λs T (s)x ds belongs to L(X) whenever λ ∈ C a + . According to Remark 3.5(iv) (see also the proof of Lemma 4.4) we also have R(λ) = R(λ, A).
Remark 5.3. Suppose that (T (t)) t≥0 is exponentially equicontinuous of some positive order, i.e., satises (2.2) for some a > 0. Then, in the notation of (2.2) we have, for each t ≥ 0, that
for each x ∈ X. So, (5.2) is necessarily satised. If (T (t)) t≥0 is equicontinuous, then for β > 0 we have
is satised for every a > 0. In this case we recover Remark 3.5(iv) from Lemma 5.2.
Lemma 5.4. Let X be a lcHs such that L s (X) is sequentially complete and
is a bounded, continuous function and that there exists P ∈ L(X) such that
Then the following limit exists in L s (X):
is bounded and continuous, and the limit (5.7) exists in L b (X) for some P ∈ L(X), then also the limit (5.8) 
. This can be seen from the estimates
for each n > m in N and all x ∈ X, p ∈ Γ X , where α x,p := sup t≥0 p(Φ(t)x) < ∞ as Φ has bounded range in L s (X).
Fix α > 0 and dene K α (t) := K(αt) for all t ≥ 0. Then, with µ = λα we have, for each x ∈ X, that
Let λ → 0 + (i.e., µ → 0 + ) and apply (5.7) to conclude
It follows immediately that also
for every f ∈ span{K α : α > 0}.
. For x ∈ X and p ∈ Γ X xed, we have
It follows via (5.9) that (5.11) tends to 0 as λ → 0 + , for n ∈ N. The estimate
imply the rightside of (5.10) tends to 0 as n → ∞. Also the inequality
implies that (5.12) tends to 0 as n → ∞. Accordingly, the leftside of the chain of inequalities (5.10)(5.12) tends to 0 as λ → 0 + . Since the seminorms S → p(Sx), for S ∈ L(X), generate τ s as we vary x ∈ X and p ∈ Γ X , the identity (5.8) follows.
For the case when L b (X) is sequentially complete and Φ : [0, ∞) → L b (X) is bounded and continuous a similar proof applies.
The following result, connecting mean ergodicity of (T (t)) t≥0 with its Abel mean ergodicity, is inspired by [8, Theorem 5.5. Let X be a sequentially complete lcHs and (T (t)) t≥0 be a locally equicontinuous C 0 -semigroup on X with innitesimal generator (A, D(A) ).
(i) If (T (t)) t≥0 is mean ergodic (resp. uniformly mean ergodic) and {C(r)} r≥0 is equicontinuous, then C 0 + ⊆ ρ(A) and (T (t)) t≥0 is Abel mean ergodic (resp. uniformly Abel mean ergodic).
and (T (t)) t≥0 is Abel mean ergodic (resp. uniformly Abel mean ergodic with L b (X) sequentially complete), then (T (t)) t≥0 is mean ergodic (resp. uniformly mean ergodic).
Proof. (i) By hypothesis {C(r)} r≥0 converges in L s (X) to some P ∈ L(X). By equicontinuity of {C(r)} r≥0 we have
Equivalently, via (2.7), we have
Given a > 0 we have r < e ar a for r ≥ 0. Then (5.14) yields p r 0 T (s)x ds ≤ Mp a e ar q(x), for x ∈ X, r ≥ 0, which is precisely (5.2) and so Lemma 5.2 implies that C a + ⊆ ρ(A). Consequently, C 0 + ⊆ ρ(A). If Re(λ) > 0, then a := Re(λ)/2 > 0 and we have (cf. (5.3)) that λR(λ, A)x = λ 2 ∞ 0 se −λs C(s)x ds, for x ∈ X. Via this identity and λ 2 ∞ 0 se −λs ds = 1 (for all λ ∈ (0, ∞)) we have, for each p ∈ Γ X , that
15) for all x ∈ X and λ ∈ (0, ∞). By the mean ergodicity of (T (t)) t≥0 , for every x ∈ X we have p(C(t/λ)x − P x) → 0 pointwise for t in [0, ∞) as λ ↓ 0 + , with sup t≥0, λ>0 p(C(t/λ)x−P x) < ∞ by (5.13). Hence, by the dominated convergence theorem, (5.15) implies that lim λ↓0 + p(λR(λ, A)x − P x) = 0. Accordingly, τ slim λ↓0 + λR(λ, A) = P exists.
Suppose now that (T (t)) t≥0 is uniformly mean ergodic. Fix B ∈ B(X).
Since X is sequentially complete, L s (X) and L b (X) have the same bounded sets, [23, (3) , p.135] and so sup t≥0, λ>0 p B (C(t/λ) − P ) < ∞. As p B (C(t/λ) − P ) → 0 pointwise for t in [0, ∞) with λ ↓ 0 + (by uniform mean ergodicity of (T (t)) t≥0 ), the dominated convergence theorem yields lim λ↓0
To this eect, observe that the continuous function K(s) := e −s , for s ≥ 0, is Lebesgue integrable and Remark 5.6. (i) Concerning part (i) of Theorem 5.5 we note that the equicontinuity of {C(r)} r≥0 is automatic whenever X is barrelled. For, in this case, the convergence of {C(r)} r≥0 in L s (X) as r → ∞ ensures its boundedness in L s (X). Indeed, let P := τ s -lim r→∞ C(r). Fix x ∈ X and p ∈ Γ X . Then there exists r 0 > 0 such that p(P x − C(r)x) ≤ 1, for all r ≥ r 0 , and so sup r≥r 0 p(C(r)x) < ∞. Since r → C(r)x is continuous on [0, r 0 ], [5, Lemma 1] , also sup 0≤r≤r 0 p(C(r)x) < ∞. It then follows that sup r≥0 p(C(r)x) < ∞, i.e., {C(r)x} r≥0 ∈ B(X).
(ii) The boundedness of (T (t)) t≥0 in L s (X) cannot be omitted in part (ii) of Theorem 5.5. Indeed, let X := C 2 and T (t) := e it 1 t 0 t , for t ≥ 0. Then Theorem 5.7. Let X be a Banach space and (T (t)) t≥0 be a uniformly bounded (i.e., equicontinuous) C 0 -semigroup on X with innitesimal generator (A, D(A) ). Then the following assertions are equivalent.
(i) (T (t)) t≥0 is uniformly mean ergodic.
(ii) (T (t)) t≥0 is uniformly Abel mean ergodic.
(iii) ImA is a closed subspace of X.
(iv) 0 ∈ ρ(A) or 0 is a simple pole of the resolvent map R(·, A) of A.
If (T (t)) t≥0 is equicontinuous, then also {C(r)} r≥0 is equicontinuous; see Section 2. Consequently, Theorem 5.5 asserts that (i)⇔(ii) in Theorem 5.7 carries over to the setting of X a lcHs (under mild restrictions). The same is not true of conditions (iii) and (iv) in Theorem 5.7, even for Fréchet spaces.
Example 5.8. Let X := s be the nuclear Fréchet space of all rapidly decreasing
is an increasing sequence of seminorms determining the topology of s. Consider the operator B ∈ L(s) given by Bx :
It is shown in [1, Example 2.17] that B is power bounded. According to Remark 2.4 the C 0 semigroup (e tB ) t≥0 is exponentially equicontinuous and T (t) := e −t e tB , for t ≥ 0, is an equicontinuous, uniformly continuous C 0 semigroup with innitesimal generator A := B − I (and D(A) = X). Since s is Montel, (T (t)) t≥0 is uniformly mean ergodic, [5, Corollary 2(ii) ], i.e., condition (i) of Theorem 5.7 is satised.
Observe that Ax = (−2 −j x j ) ∞ j=1 , for x = (x j ) ∞ j=1 ∈ s. By considering the standard unit basis vectors {e n } ∞ n=1 of s it is routine to check that each λ j := −2 −j , for j ∈ N, is an eigenvalue of A and hence, {λ j } ∞ j=1 ⊆ σ(A). It is shown in [1, Example 2.17] that A is not surjective and so also 0 ∈ σ(A). For each λ ∈ {0} ∪ {λ j } ∞ j=1 it can be veried that the linear map R λ :
, for x ∈ s, belongs to L(s) and satises R λ (λ − A) = I = (λ − A)R λ , i.e., R(λ, A) = R λ . Hence, σ(A) = {0} ∪ {λ j } ∞ j=1 and so ρ(A) is surely open in C. Clearly, 0 ∈ ρ(A). Moreover, 0 ∈ σ(A) is not a simple pole of R(·, A) since there is no punctured disc, centred in 0, which is contained in ρ(A). So, for the assertions in Theorem 5.7, we see that (i) ⇒(iv).
Since the basis {e n } ∞ n=1 ⊆ ImA, we see that ImA is dense in s. But, A is not surjective and so ImA is not closed in X (if so, it would be equal to X). So, for the assertions of Theorem 5.7, we also have (i) ⇒(iii).
In relation to Theorem 5.7, Example 5.8 shows that entirely new phenomena arise in nonnormable lcHs' which are simply not present for Banach spaces. We proceed to formulate some analogues which do hold in lcHs'. In view of [5, Corollary 2(ii)], the following result is mainly of interest in nonMontel spaces.
Proposition 5.9. Let X be a sequentially complete lcHs and (T (t)) t≥0 ⊆ L(X)
be an equicontinuous C 0 semigroup with ImA closed in X, where (A, D(A)) is its innitesimal generator. Then (T (t)) t≥0 is mean ergodic i it is uniformly mean ergodic.
Proof. Suppose that (T (t)) t≥0 is mean ergodic, i.e., there is P ∈ L(X) such that τ s -lim r→∞ C(r) = P . It is known that P is a projection and satises ImP = Fix(T (·)) and ker P = span{x − T (t)x : t ≥ 0, x ∈ X}, [5, Remark 4(ii)]. It follows from these identities and Remark 5(iii) of [5] that ImP = ker A and ker P = ImA. Since ImA is closed, we have the direct decomposition X = ker A ⊕ ImA.
(5.17) Noting that T (t)x = x, for t ≥ 0, whenever x ∈ ker A = Fix(T (·)), we have
Observe that Y := ImA is invariant for {rC(r)} r≥0 . Indeed, if y = Ax ∈ Y (with x ∈ D(A)), then (2.5) and (2.6) imply that
To complete this part of the proof we show that
Fix B ∈ B(X). If u ∈ B, then u = P u ⊕ (I − P )u with P u ∈ ImP = ker A and so, by (5.18), we have C(r)P u = P u, for r ≥ 0. It follows that
Moreover, (I − P )u ∈ ker P = ImA = Y which shows that D :
, for all r ≥ 0 with D ∈ B(Y ). Then (5.21) follows from (5.20). Hence, (T (t)) t≥0 is uniformly mean ergodic. Conversely, if (T (t)) t≥0 is uniformly mean ergodic, then it is surely mean ergodic (even without ImA being closed).
We proceed to extend Proposition 5.9 for which some preliminaries are needed. A directed family {A(α)} α∈Λ ⊆ L(X), which we assume commutes with the C 0 semigroup (T (t)) t≥0 , is an ergodic net for (T (t)) t≥0 if:
(E1) A(α)x ∈ co{T (t)x : t ≥ 0}, for all α ∈ Λ and x ∈ X. (E2) {A(α)} α∈Λ is equicontinuous in L(X).
(E3) For each t ≥ 0 we have τ s − lim α A(α)(T (t) − I) = 0. This is a version of a more general denition due to W.F. Eberlein, [14] , [24, Ch. 2] . Perhaps, the most familiar ergodic net is the directed family {C(r)} r≥0 of all Cesàro operators (under suitable conditions on X and (T (t)) t≥0 ), [5] . There is an alternate ergodic net available.
Proposition 5.10. Let X be a sequentially complete lcHs and (T (t)) t≥0 be an equicontinuous C 0 semigroup on X with innitesimal generator (A, D(A) ). Then the directed family {λR(λ, A) : 0 < λ ≤ 1} is an ergodic net for (T (t)) t≥0 .
Proof. According to Remark 3.5(iv) we have C + ⊆ ρ(A) and, via (3.12) , that R(λ, A)x = ∞ 0 e −λt T (t)x dt, for all real λ > 0 and x ∈ X. To verify (E1) suppose that λR(λ, A)x ∈ co{T (t)x : t ≥ 0} for some x ∈ X and λ > 0. Let X R denote X considered as a vector space over R. Then there exists u ∈ (X R ) and β ∈ R such that y, u < β < λR(λ, A)x, u , for all y ∈ co{T (t)x : t ≥ 0} =:
y, u ≤ β < λR(λ, A)x, u .
Choose s > 0 with β + s < λR(λ, A)x, u . Then (3.12) yields
contradiction. So, (E1) holds. Concerning (E2), for each p ∈ Γ X we may assume that (3.13) holds (because of the equicontinuity of (T (t)) t≥0 ). Then (3.12) yields
for each x ∈ X and λ > 0. So, {λR(λ, A) : 0 < λ ≤ 1} is equicontinuous. To verify (E3), let x ∈ X and t ≥ 0. Then, with y := be an equicontinuous C 0 semigroup. For every x, y ∈ X the following assertions are equivalent.
(i) y ∈ Fix(T (·)) and y ∈ co{T (t)x : t ≥ 0}.
We can now present a characterization of Abel mean ergodicity.
Proposition 5.12. Let X be a sequentially complete lcHs and (T (t)) t≥0 ⊆ L(X)
be an equicontinuous C 0 semigroup with innitesimal generator (A, D(A)). Then (T (t)) t≥0 is Abel mean ergodic if and only if {λR(λ, A)x : 0 < λ ≤ 1} is relatively countably σ(X, X )-compact, ∀x ∈ X. 
Fix B ∈ B(X). If u ∈ B, then u = P u ⊕ (I − P )u with P u ∈ Ker A (see (5.25) ) and so, via (5.27), we have λR(λ, A)P u = P u for 0 < λ ≤ 1. It follows that (λR(λ, A)−P )u = λR(λ, A)(I−P )u for 0 < λ ≤ 1. By (5.26), (I−P )u ∈ Ker P = Y which shows D :
For X a Banach space, the implication (ii)⇒(v) in Theorem 5.13 (assuming ImA closed) occurs as part of [8, Proposition 4.3.15] .
Recall that a lcHs X is semireexive i every bounded subset of X is relatively σ(X, X )compact. Such spaces X are necessarily quasicomplete, [19, p.229] , and every equicontinuous C 0 semigroup on X is automatically mean ergodic, [5, Corollary 2(i)]. Combining this with Proposition 5.9 gives the following fact.
Corollary 5.14. Let X be a semireexive lcHs. Then every equicontinuous C 0 semigroup on X whose innitesimal generator has closed range is necessarily uniformly mean ergodic.
We now formulate a result dealing with condition (iv) of Theorem 5.7.
Proposition 5.15. Let X be a lcHs such that L b (X) is sequentially complete, (T (t)) t≥0 be a locally equicontinuous C 0 semigroup on X which is τ b bounded and (A, D(A)) be the innitesimal generator of (T (t)) t≥0 . Either of the following two conditions ensures that (T (t)) t≥0 is uniformly mean ergodic.
(i) R(·, A) exists and is τ b bounded in some neighbourhood of 0.
(ii) 0 ∈ σ(A) and is a simple pole of R(·, A) : ρ(A) → L b (X).
Proof. (i) Choose r > 0 such that D r := {µ ∈ C : |µ| < r} ⊆ ρ(A) and {R(λ, A) : λ ∈ D r } is bounded in L b (X). Given B ∈ B(X) and p ∈ Γ X , there is M > 0 such that p B (R(λ, A)) ≤ M , for all |λ| < r, and hence, p B (λR(λ, A)) ≤ |λ|M , for all |λ| < r. It follows that τ b -lim λ↓0 + λR(λ, A) = 0 and the desired conclusion follows from Theorem 5.5(ii).
(ii) Choose r > 0, P ∈ L(X) and a holomorphic function H : D r → L b (X) such that R(λ, A) = λ −1 P + H(λ), for all 0 < |λ| < r. Fix any 0 < r 1 < r, in which case {H(λ) : |λ| ≤ r 1 } is τ b bounded (even τ b compact). Moreover, λR(λ, A) = P + λH(λ), 0 < |λ| ≤ r 1 .
Since τ b -lim λ↓0 + λH(λ) = 0, it follows that τ b -lim λ↓0 + λR(λ, A) = P . Again Theorem 5.5(ii) implies that (T (t)) t≥0 is uniformly mean ergodic.
Conditions (i)(ii) in Proposition 5.15 are by no means necessary. The operator A ∈ L(s) of Example 5.8 generates an equicontinuous C 0 semigroup which is uniformly mean ergodic but, satises neither of (i)(ii) in Proposition 5.15. The same is true for the operator A ∈ L(ω) in Remark 3.5(vii); its uniform mean ergodicity is a consequence of ω being Montel, [5, Corollary 2(ii)].
A decomposition of a lcHs X is a sequence (X n ) n of closed, nontrivial subspaces of X such that X i ∩ X j = {0}, for i = j, and each x ∈ X can be expressed uniquely in the form x = ∞ j=1 y j with y j ∈ X j , for j ∈ N. This induces a sequence of projections (Q n ) n dened by Q n x := y n where x = ∞ j=1 y j with y j ∈ X j for each j ∈ N. These projections are pairwise orthogonal (i.e., Q n Q m = 0 if n = m) and Q n (X) = X n for n ∈ N. If, in addition, each Q n ∈ L(X), for n ∈ N, then we speak of a Schauder decomposition of X. In particular, if each space X n = span{x n } of the Schauder decomposition is 1 dimensional, for n ∈ N, then {x n } ∞ n=1 is called a Schauder basis of X, in which case every x ∈ X has a unique expansion of the form x = Theorem 5.16. Let X be a complete barrelled lcHs which admits a Schauder decomposition without property (M ). Then there exists an equicontinuous, mean ergodic, uniformly continuous C 0 semigroup (T (t)) t≥0 on X which is not uniformly mean ergodic.
Proof. Let {Q j } ∞ j=1 ⊆ L(X) denote a Schauder decomposition without property (M ) and dene the closed subspaces X j := Q j (X) for all j ∈ N. By Lemma 3.2 in [3] there exist a bounded sequence (z j ) j ⊆ X and p 0 ∈ Γ X with z j ∈ X j+1 and p 0 (z j ) > 1/2 for all j ∈ N. Now, setting α k := 1 − 2 −k for all k ∈ N, by the proof of Theorem 3.6 in [3] the linear map T : X → X dened by T x := ∞ k=1 α k Q k x, for x ∈ X, belongs to L(X), is power bounded and mean ergodic with Ker(I − T ) = {0} and Ker(I − T t ) = {0} but, is not uniformly mean ergodic. Moreover, T also satises
Since T is power bounded, the system of seminorms {p : p ∈ Γ X } dened by p(x) := sup n≥0 p(T n x), for x ∈ X and p ∈ Γ X , also generates the lctopology of X and we have p(T n x) = sup m≥0 p(T m T n x) = sup h≥n p(T h x) ≤ p(x), for x ∈ X, p ∈ Γ X . It follows, for each t ≥ 0, that the operator T (t) := is an equicontinuous, uniformly continuous C 0 semigroup on X with innitesimal generator (T − I, X); see Remark 2.4. Since {0} = Ker(T − I) = Fix(S(·)) and {0} = Ker(T − I) t = Fix(S t (·)) (cf. proof of Theorem 5 in [5] ), the semigroup (S(t)) t≥0 is mean ergodic by [5, Remark 6(iv) , Fact], i.e., there exists a projection P ∈ L(X) such that C(r) → P in L s (X) as r → ∞. To see that (S(t)) t≥0 is not uniformly mean ergodic, we proceed as follows. For any r > 0, the formula (5.31) yields for (S(t)) t≥0 that Since α j − 1 = −2 −j , it follows that C(r)x → 0 in X as r → ∞. So, P x = 0 for all x ∈ X j and j ∈ N. Since ∪ ∞ j=1 X j is dense in X and P ∈ L(X), we obtain that P = 0 on X, i.e., C(r) → 0 in L s (X) as r → ∞.
Suppose that C(r) → 0 in L b (X) as r → ∞. In particular, since (z j ) j is a bounded sequence in X, we have that But p 0 ≥ p 0 and hence, for all j ∈ N, we obtain from (5.32) that p 0 (C(2 j )z j ) = p 0 (z j ) e (α j −1)2 j − 1 2 j (α j − 1)
Since 2 j → ∞ as j → ∞, this contradicts (5.33).
For Banach spaces (which are Montel i they are nitedimensional) our nal result occurs in [29, Theorem 2.6].
Theorem 5.17. Let X be a complete barrelled lcHs with a Schauder basis. Then X is Montel if and only if every equicontinuous, uniformly continuous C 0 semigroup on X is uniformly mean ergodic.
Proof. Let X be Montel. Then [5, Corollary 2(ii)] implies that every equicontinuous, uniformly continuous C 0 semigroup on X is uniformly mean ergodic.
Conversely, suppose that X is not Montel. Observe that the Schauder decomposition {Q n } ∞ n=1 ⊆ L(X) induced by the basis of X has the property that each space X n := Q n (X), for n ∈ N, is Montel because dim X n = 1 for all n ∈ N. By [2, Theorem 3.7(iii)] {Q n } ∞ n=1 does not satisfy property (M ) and hence, Theorem 5.16 ensures that there exists an equicontinuous, mean ergodic, uniformly continuous C 0 semigroup on X which is not uniformly mean ergodic.
